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Whvwlqj iru }hurv lq wkh vshfwuxp ri dq xqlyduldwh
vwdwlrqdu| surfhvv = Sduw L �

Uhqdxg Odfurl{|

Edqn ri Iudqfh

Ghfhpehu 4<<<

Nh| zrugv= vwdwlrqdulw|> vshfwudo ghqvlw|> prylqj dyhudjh xqlw urrw> qrq sdud0
phwulf whvwv1

MHO fodvvl�fdwlrq= F45/ F47/ F55
DEVWUDFW= Qrq sdudphwulf dqg sdudphwulf hvwlpdwlrq iru wkh vshfwudo ghqvlw| ri
d vwdwlrqdu| surfhvv lv d zhoo0nqrzq wrslf/ h{fhsw zkhq wkh vshfwuxp ydqlvkhv iru
vrph iuhtxhqf|1 Lqghhg/ iru wklv iuhtxhqf|/ wkh olplw odz ghjhqhudwhv/ dqg wudglwlrqdo
lqihuhqfh qr orqjhu dssolhv1 Wkh sdshu lqwurgxfhv qrq sdudphwulf whvwv ri wklv k|srwk0
hvlv/ zklfk h{sorlw wkh dv|pswrwlf ehkdylru ri wkh shulrgrjudp iru vrph zhoo0fkrvhq
vhtxhqfh ri iuhtxhqflhv1 Lq sduwlfxodu/ vwdwlvwlfv iuhh iurp qxlvdqfh sdudphwhuv duh
ghulyhg/ dqg frqglwlrqdo khwhurvnhgdvwlflw| ri xqnqrzq irup lv doorzhg1 Dv dq dssol0
fdwlrq/ vwdwlrqdulw| whvwv djdlqvw vhdvrqdo xqlw0urrw dowhuqdwlyhv duh ghyhorsshg1

UHVXPH= O*hvwlpdwlrq gh od ghqvlwì vshfwudoh g*xq surfhvvxv vwdwlrqqdluh xqlydulì
uhoëyh gh surfìgxuhv gìvrupdlv fodvvltxhv/ vdxi gdqv oh fdv rü fhwwh ghqvlwì v*dqqxoh
hq xq srlqw1 Srxu xqh iuìtxhqfh w �{ìh/ oh sdslhu lqwurgxlw soxvlhxuv whvwv qrq0
sdudpìwultxhv gh o*k|srwkëvh gh qxoolwì gx vshfwuh hq w irqgì vxu oh sìulrgrjudpph
sulv hq xq srlqw yrlvlq gh w1 Fhv whvwv vh glvwlqjxhqw ohv xqv ghv dxwuhv sdu od ylwhvvh
ã odtxhooh fhwwh iuìtxhqfh frqyhujh yhuv w1 Qrxv gìulyrqv fhv uìvxowdwv srxu xq sur0
fhvvxv olqìdluh dyhf kìwìurvfìgdvwlflwì frqglwlrqqhooh gh iruph lqfrqqxh1 Xq whvw gh
o*k|srwkëvh gh vwdwlrqqdulwì frqwuh o*dowhuqdwlyh gh udflqh xqlwdluh vdlvrqqlëuh looxvwuh
fhv uìvxowdwv1

�Wkh dxwkru dfnqrzohgjhv khosixo frpphqwv iurp Vwhskdqh Juhjrlu1
|Fruuhvsrqglqj dgguhvv= Edqtxh gh Iudqfh/ 74046<4/ GJH0GHHU0Fhqwuh gh Uhfkhufkh/ 64 Uxh

Furl{ ghv Shwlwv Fkdpsv/ :837< Sdulv/ who 340750<507<0;3/ hpdlo uodfurl{Cedqtxh0iudqfh1iu1
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4 Lqwurgxfwlrq

Ohw Ef|�|M] eh d vwdwlrqdu| surfhvv zlwk dxwrfryduldqfh ixqfwlrq �E�� dqg vshfwudo

ghqvlw| s E/� ' �
2Z

Sn"
&'3" �E&�e3�&/1 Zh vxssrvh d vdpsoh ri vl}h ? lv dydlodeoh

wr wkh hfrqrphwulfldq1 Lq wkh vhpl0sdudphwulf iudphzrun gh�qhg e| wkh idplo| ri
ghqvlwlhv sE/� � sE/(�� zkhuh � 5 X lv d �qlwh xqnqrzq sdudphwhu/ lw lv zhoo nqrzq
+vhh Gdylhv +4<;6, iru d vxuyh|, wkdw vwdqgdug lqihuhqfh surfhgxuhv duh ydolg rqo| li
wkh iroorzlqj frqglwlrq lv vdwlv�hg �; E/c �� 5 d�Zc Zo�X/ s E/(�� : f�1 Lq wkh wlph
grpdlq/ pd{lpxp olnholkrrg hvwlpdwlrq iru�-��prghov glvsod| �jrrg� surshuwlhv
+dv|pswrwlf qrupdolw| dw udwh

s
?, rqo| li wkh prgho lv lqyhuwleoh/ zklfk phdqv wkdw

sE/� : f iru doo /1 Zkhq d urrw olhv lq wkh vshfwuxp/ fodvvlfdo hvwlpdwruv duh wkhuhiruh
qr orqjhu dv|pswrwlfdoo| qrupdo/ dqg lqihuhqfh fdq*w eh fduulhg rxw wkurxjk vwdqgdug
dujxphqwv/ olnh vwxghqw vwdwlvwlfv dqg vr rq1 Qrwh wkdw wkh vdph wurxeoh rffxuv iru
qrq sdudphwulf hvwlpdwruv ri wkh vshfwudo ghqvlw| zklfk xvh suhzlwkhqlqj ri wkh gdwd
dv d sulru wuhdwphqw1 Iru vxfk d surfhgxuh wr eh ydolg/ wkh vshfwuxppxvw eh erxqghg
dzd| iurp deryh e| d srvlwlyh frqvwdqw1 Khqfh/ lw dsshduv ri sulpdu| lpsruwdqfh wr
ghflgh zkhwkhu ru qrw d urrw olhv lq wkh vshfwuxp ri wkh surfhvv ehiruh wkh dssolfdwlrq
ri dq| hfrqrphwulf surfhgxuh1

Vxfk vlwxdwlrqv duh qrw rqo| ri wkhruhwlfdo lqwhuhvw1 Lqghhg/ wkh| pd| rffxu txlwh
riwhq lq dssolhg hfrqrphwulf zrunv/ zkhq vrph yduldeohv duh gholehudwho| ryhu gli0
ihuhqfhg1 D ohdglqj h{dpsoh ri vxfk plvvshfl�fdwlrq lv wkh xvh ri dqqxdo gl�huhqfhv
ri yduldeohv/ zklfk pd| lpso| lq vrph fdvhv iru txduwhuo| gdwd/ wkdw wkh vshfwuxp
ydqlvkhv dw erwk vhdvrqdo iuhtxhqf| Z

2
dqg Z1 Dqrwkhu h{dpsoh lv surylghg e| vhd0

vrqdo dgmxvwphqw surfhgxuh1 Pruh suhflvho|/ wkh zlgho| xvhg vhdvrqdo dgmxvwphqw
surjudp/ Fhqvxv0[44/ pd| eh dssur{lpdwhg dv d olqhdu �owhu/ zklfk fdq eh idfwru0
l}hg dv � E��f E��4 +Odurtxh +4<::,,/ zkhuh f E�� lv d elodwhudo �owhu zlwkrxw urrwv
rq wkh xqlw flufoh/ dqg=

� E�� ' E� n��2
�
� n�2

�2
Lq rwkhu zrugv/ zkhq zh dsso| wklv �owhu wr d qrq vwdwlrqdu| VDULPD surfhvv f|

vxfk dv=
E� ���_f E� n��_Z

�
� n�2

�_Z
2 f| ' ~| +4,

zlwk _fc _Zc _ Z
2
lqwhjhuv dqg ~| d vwdwlrqdu| VDUPD surfhvv zlwk vwulfwo| srvlwlyh

vshfwuxp dw iuhtxhqf| / 5 �fc Z
2
c Z
�
/ wkh vhdvrqdoo| dgmxvwhg vhulhv/ t|/ dovr dgplwv

d VDULPD uhsuhvhqwdwlrq/ exw lwv vshfwuxp ydqlvkhv dw Z
2
li _Z

2
	 2c dqg dw Z li

_Z 	 2� Lw lv jhqhudoo| dfnqrzohgjhg wkdw udz vhulhv exlow xsrq frqvwdqw sulfh lqgh{hv
duh jhqhudoo| lqwhjudwhg ri rughu rqh ru vwdwlrqdu|/ zkhuhdv gdwd exlow xsrq fxuuhqw
sulfh lqgh{hv pd| eh lqwhjudwhg ri rughu wzr1 Lq wkh iruphu fdvh/ zh pd| h{shfw
wkh vhdvrqdo dgmxvwhg vhulhv wr eh ryhu0gl�huhqfhg/ d skhqrphqrq zklfk pd| eh dovr
dvvrfldwhg wr wkh ryhu vhdvrqdo fruuhfwlrq ri wkh surfhgxuh51 Pruhryhu/ lw vhhpv wkdw
wklv gudzedfn lv vrphwlphv vwloo suhvhqw diwhu lqglylgxdo vhdvrqdoo| dgmxvwhg vhulhv
kdyh ehhq djjuhjdwhg= zlwk XV gdwd/ Pdudydoo +4<<8, irxqg hylghqfhv wkdw odujh odjv

4E lv wkh xvxdo edfnvkliw rshudwru1
5Prgho edvhg phwkrgv zklfk xvh gdwd ghshqghqw Zlhqhu0Nroprjrury �owhu pd| dovr lqgxfh

prylqj dyhudjh xqlw urrwv dw vhdvrqdo iuhtxhqflhv +vhh Pdudydoo +4<<8,,1
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duh vljql�fdqw lq dxwruhjuhvvlyh prghov1 Rqh sudfwlfdo frqvhtxhqfh ri vxfk �qglqjv
lv wkdw YDU prghov xvlqj vxfk yduldeohv duh plvvshfl�hg1

Wkh whvw ri wkh qxoo k|srwkhvlv s Ew� ' f dsshduv wr eh qrq vwdqgdug1 Lqghhg/
fodvvlfdo qrq0sdudphwulf hvwlpdwruv rewdlqhg e| vprrwklqj wkh shulrgrjudp duh qrw
xvhixo/ ehfdxvh ri wkh irup ri wkhlu dv|pswrwlf yduldqfh= lw lv sursruwlrqdo wr s2Ew�
+h1j1 Sulhvwoh| +4<;;,,/ wkxv wkh olplw odz lv ghjhqhudwh zkhq sEw� ' f1 Vshfl�f
surfhgxuhv pxvw eh ghyhorshg1 Lq wkh sdudphwulf iudphzrun/ vxfk whvwv duh douhdg|
dydlodeoh= wkxv/ iru wkh prgho

f| ' 0| � w0|3�c 0| ��_ �
�
fc j2

�
lw lv srvvleoh wr shuirup wkh orfdoo| prvw srzhuixo dqg lqyduldqw whvw ri wkh k|srwkhvlv
Of G w ' � +l1h1 s Ef� ' f, djdlqvw O@ G mwm 	 � +l1h1 s Ef� : f, +vhh Wdqdnd +4<<9,,1
Ixuwkhu ghyhorsphqwv lq wklv iudphzrun kdyh ehhq fduulhg rxw e| Wdp dqg Uhlqvho
+4<<:, lq rughu wr doorz iru vhdvrqdo prylqj dyhudjh xqlw urrwv dqg dxwruhjuhvvlyh
frpsrqhqwv1

Iru d jlyhq �{hg iuhtxhqf| w 5 dfc Zo/ wklv duwlfoh ghyhorsv d qhz whvw ri wkh
k|srwkhvlv sEw� ' f zklfk h{sorlwv wkh ehkdylru ri wkh shulrgrjudp iru iuhtxhqflhv
forvh +exw qrw htxdo, wr w1 Khwhurvnhgdvwlflw| ri wkh lqqrydwlrq ri f| lv doorzhg1
Vxfk dq dssurdfk lv fodvvlfdo lq wkh vwdwlvwlfdo dqdo|vlv ri orqj phpru| surfhvvhv1 Lq
wklv iudphzrun dqg iru w ' f/ Oredwr dqg Urelqvrq +4<<;, kdyh uhfhqwo| sursrvhg d
whvw ri vwdwlrqdu| k|srwkhvhv djdlqvw iudfwlrqdoo| dowhuqdwlyhv1 Wkhlu whvw xvhv ydoxhv
ri wkh shulrgrjudp lq d edqg ri iuhtxhqf| fhqwhuhg durxqg w zklfk ghjhqhudwhv
dv|pswrwlfdoo|1 Dngl dqg Glfnh| +4<<;, kdyh dovr vwxglhg wkh ehkdylru ri U

�
2&Z
?

�
iru

�{hg & dqg ? $ 4 zkhq f| lv dq DULPD surfhvv +U E�� lv wkh shulrgrjudp,1 Rxu
dssurdfk lpsolhv wkh xvh ri rqo| rqh iuhtxhqf| w? zklfk frqyhujhv wr w dw d udwh
orzhu wkdq ?3�1 Wkh lqwxlwlrq ehklqg wklv dssurdfk lv wkh iroorzlqj= li s Ew� ' f/
wkhq wkh shulrgrjudp lv d frqvlvwhqw hvwlpdwru ri s Ew� +vhh h1j1 Eurfnzhoo dqg Gdylv
+4<;9,/ wkhruhp 430605,1 Wkxv/ zh krsh wkdw wklv lqwhuhvwlqj surshuw| lv vwloo ydolg
lq dq dv|pswrwlfdoo| ghjhqhudwh qhljkerukrrg ri w1 Pruhryhu/ wkh whvw lv exlow xsrq
orfdo surshuwlhv ri wkh vshfwuxp/ wkxv lw lv srvvleoh wr dffrpprgdwh iru luuhjxodulwlhv
lq rwkhu duhdv ri d�Zc Zo h1j1 glyhujhqfh wr lq�qlw| lq fdvh ri orqj phpru| g|qdplf

dw vrph iuhtxhqf| hw 9' w= wklv wrslf zloo eh vwxglhg lq d vxevhtxhqw sdshu1
Dv lw lv zhoo0nqrzq/ wkh sureohp xqghu frqvlghudwlrq lv forvho| uhodwhg wr xqlw urrw

whvwv1 Lqghhg frqvlghu f| gh�qhg e|=�
� � 2 ULt wb� n b2�2

�
f| ' 0|

zlwk 0| vwdwlrqdu| surfhvv zlwk s0 Ew� : f dqg f � b � �� Gh�qh=

t| '
�
� � 2 ULt w� n�2

�
f|

Ohw s0 dqg st eh wkh vshfwudo ghqvlw| ri 0| dqg t| uhvshfwlyho|1 Zh kdyh=

Li b ' � +xqlw0urrw k|srwkhvlv,/ st Ew� : f
Li b 	 � +vwdwlrqdu| dowhuqdwlyh,/ st Ew� ' f

Qrwh krzhyhu/ wkdw wkh qxoo dqg dowhuqdwlyh k|srwkhvhv duh uhyhuvhg1
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Wkh sdshu lv rujdql}hg dv iroorzv1 Zh ehjlq zlwk wkh srvvleoh uhsuhvhqwdwlrqv
ri d vwdwlrqdu| surfhvv zlwk }hurv lq lwv vshfwuxp1 Lw lv vhhq wkdw wkh frqfoxvlrqv
fuxfldoo| ghshqg rq wkh orfdo vprrwkqhvv ri wkh vshfwudo ghqvlw|1 Vhfwlrq 6 lv ghyrwhg
wr d ixqfwlrqdo fhqwudo olplw wkhruhp zklfk surylghv wkh jurxqgv iru wkh �uvw whvw
vwdwlvwlfv ghyhorshg lq vhfwlrq 71 Xqiruwxqdwho|/ wkhvh vwdwlvwlfv ghshqg xsrq qxlvdqfh
sdudphwhuv zklfk pxvw eh hvwlpdwhg1 Vhfwlrq 8 ghyhorsv dq dowhuqdwlyh dssurdfk
zklfk dyrlgv wklv vwhs1 Vhfwlrq 9 glvfxvvhv qrq0}hur phdq surfhvvhv dqg wkhq vxjjhvwv
d qhz whvw iru wkh suhvhqfh ri vhdvrqdo xqlw urrwv1 Odvwo|/ zh surylgh vrph hohphqwv
iru wkh fdvh zkhuh zh gr qrw kdyh sulru nqrzohgjh ri w1 Whfkqlfdo ghwdlov duh eurxjkw
wrjhwkhu lq dq dsshqgl{1

Qrz/ zh uhylhz wkh qrwdwlrqv xvhg wkurxjkrxw wkh sdshu1
Zh dvvxph wkdw d �qlwh vdpsoh ri gdwd lv dydlodeoh if&c � � & � ?j c h{wudfwhg

iurp d sxuho| qrq0ghwhuplqlvwlf vwdwlrqdu| surfhvv +SQG/ lq vkruw, Ef|�|M] zlwk
h{shfwdwlrq }hur +wkh fdvh . Ef|� 9' f lv ghihuuhg wr wkh hqg ri wkh sdshu,1 Lwv Zrog
uhsuhvhqwdwlrq wdnhv wkh irup=

f| '
"[
�'f

[�0|3� +5,

E0|�|M] lv wkh lqqrydwlrq surfhvv ri f|/ [f ' �/
S"

�'f[
2
� 	 41 Zh gh�qh wkh

frpsoh{ ixqfwlrq dvvrfldwhg zlwk wkh Zrog h{sdqvlrq ri f| dv �fE5� '
S"

�'f[�5�

iru m5m � �1 Wkh vshfwudo ghqvlw| ri f| lv wkhq h{suhvvhg dv s E/� ' j2

2Z
m�f Ee3�/�m2

zlwk j2 ' H E02| �1
Iru dq| frpsoh{ vwdwlrqdu| surfhvv E~|�|M]/ dqg 6 5 ]/ zh ghqrwh e| M~ E6� '

i~|c | � 6j wkh frpsoh{ Kloehuw vsdfh vsdqqhg e| E~|�|$6/ zlwk M~ ' M~ En4�1

Ohw {? E�� '
S?3�

&'f e
�&� eh wkh Glulfkohw nhuqho/> lw vdwlv�hv

U Z
3Z m{? E%�m2 _% ' ?

dqg=
m%{? E%�m � 2 iru f � m%m 	 Z +6,

Wkh v|pero �,� zloo dozd|v uhihu wr frqyhujhqfh lq odz zkhq ? jrhv wr lq�qlw|1
� d@c Ko lv wkh vsdfh ri frqwlqxrxv ixqfwlrqv gh�qhg rq d@c Ko c htxlsshg zlwk wkh vxsuh0
pxp qrup1 �c�

�

c �
��

c � � � duh frqvwdqw lqghshqghqw iurp lqwhjhu ru uhdo yduldeohv ?
dqg | 5 dfc�o/ / 5 dfc Zo xvhg wkurxjkrxw wkh sdshu1 Wkhvh frqvwdqwv zloo wdnh gl�hu0

hqw ydoxhv iru hdfk qhz rffxuuhqfh1 Iru R � �/ nfnR ' EH mfmR��%R iru dq| frpsoh{
vwrfkdvwlf yduldeoh f zlwk �qlwh prphqwv xs wr rughu R1 Odvwo|/ d%o lv wkh lqwhjhu
sduw ri %1

5 Uhjxodulw| dqg qxoolw| ri wkh vshfwuxp

514 Orfdo uhjxodulw|

Lq wkh �-�� iudphzrun/ lw lv hdv| wr vhh wkdw zkhq xE��f| ' XE�� 0|/ dqg

s Ew� ' f/ wkhq XE�� fdq eh idfwrul}hg dv= XE�� ' E� � 2 ULt w� n�2�
_ hXE��

_ lqwhjhu � �1 Vxfk d idfwrul}dwlrq lv lq idfw srvvleoh xqghu pxfk pruh jhqhudo
frqglwlrqv wkdw zh uhfdoo lq wkh iroorzlqj uhvxow=
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Ohppd 4 Li <�ck : f dqg T Ew� qhljkerukrrg ri w vxfk dv s E/� � � m/ � wm�nk
iru / 5 T Ew�/ wkhq wkhuh h{lvwv d xqltxh uhdo vwdwlrqdu| surfhvv �| vxfk dv=
�� f| ' E� � 2 ULt w� n�2��| li w *5 ifc Zj/ f| ' E� � ULt w���| rwkhuzlvh1
��� ;| 5 ]/ �| 5 Mf E|�

Surri = vhh wkh dsshqgl{ ��
Qrwh wkdw wkh dvvxpswlrqv ri wklv ohppd lpso| wkh frqwlqxlw| dqg wkh ghulydelolw|

ri s dw w zlwk s Ew� ' f dqg +qhfhvvdulo|, s
�

Ew� ' f1 Zkhq s lv �2 lq d qhljkerukrrg
ri w/ wkh dvvxpswlrq s Ew� ' f lpsolhv dxwrpdwlfdoo| wkdw wkh dvvxpswlrqv ri wkh
ohppd duh ixo�oohg zlwk k ' ��
Zh qrz gh�qh {E�c w� ' ��2 ULt w�n�2 li w 9' f dqg w 9' Z/ {E�c w� ' �� ULt w�
rwkhuzlvh1

Uhpdun 4 Wkh xqlflw| ri �| euhdnv grzq li zh mxvw lpsrvh wkh frqglwlrq ��| vwd0
wlrqdu|�1 Lqghhg/ h�| ' �|n� ULt Ew|�n� t�? Ew|� zlwk � dqg � uhdo udqgrp yduldeohv
5 Mz

f / vxfk dv . E��� ' f/ . E�2� ' . E�2� ' hj2/ lv d vroxwlrq1

Wkh vshfwudo ghqvlw| ri �| wdnhv wkh irup +zkhq w *5 ifc Zj,=
s� E/� ' sE/�

e t�?2E d/3wo%2� 1 Li s E/� �/<w � m/ � wm�nk/ wkhq s� E/� �/<w � m/ � wm�nhk
zlwk hk ' k� 21 s� dgplwv d vlqjxodulw| dw w li hk 	 f/ dqg lv frqwlqxrxv dw w li hk ' f1
Zkhq hk : f/ rqh fdq dsso| wkh ohppd 4 wr �|/ dqg wkhq zh rewdlq e| uhfxuuhqfh=

Fruroodu| 5 Li <� : fc k : � vxfk dv s E/� � � m/ � wmk iru / 5 T Ew�/ wkhq wkhuh
h{lvwv rqh dqg rqo| rqh vwdwlrqdu| surfhvv �| 5 Mf E|� vxfk dv/ li _ ' � ��3k

2

�
=

f| ' {E�c w�_ �|

Lw lv zruwk qrwlqj wkdw d surfhvv pd| dgplw idfwrul}dwlrqv zlwk lqgh�qlwho| odujh _=

frqvlghu iru h{dpsoh d SQG surfhvvf| zlwk vshfwudo ghqvlw| s E/� ' i T

�
� �s

�/3w�

�
iru / 5 dfc Zo/ dqg wkhq h{whqghg wr U e| sdulw| dqg 2Z0shulrglflw| +qrwh wkdw *L} s lv
lqwhjudeoh/ dv lw vkrxog eh,1 s lv lqgh�qlwho| gl�huhqwldeoh dw / ' w/ lwv ghulydwlyhv doo
wdnlqj wkh ydoxh }hur dw wklv srlqw1 Khqfh/ ;6 � �/ <�6 : f dqg T6 Ew� qhljkerukrrg
ri w vxfk dv s E/� � �6 m/ � wm6 iru doo / 5 T6 Ew�1 Lw iroorzv wkdw f| fdq eh zulwwhq

f| ' E� � 2 ULt w� n�2�
R
�
ER�
| iru hdfk R � �/ zlwk �

ER�
| vwdwlrqdu|1

Wkh surfhvv �| zklfk dsshdu lq wkh frxuvh ri ohppd 4 fdq eh h{solflwhg zlwk wkh
Zrog h{sdqvlrq ri f| li zh dvvxph wkdw s lv joredo| uhjxodu1 Wklv srlqw lv pdgh
suhflvh lq wkh iroorzlqj vhfwlrq1

515 Joredo uhjxodulw|

Ohw O_ ghqrwh wkh iroorzlqj k|srwkhvlv=

<_ � f vxfk dv G
n"[
f

�_ m[� m 	4�

f| lv wkhq vdlg wr eh olqhduo| uhjxodu/ vlqfh zkhq _ 5 Qc dqg O_ lv vdwlv�hg/ wkhq s
lv �_ rq wkh uhdo olqh1 Lw lv lq idfw hdv| wr jlyh d uhflsurfdo surshuw|

8



Ohppd 6 Li s lv �R/ R � 2/ zlwk s ER� slhfhzlvh ��/ dqg li s grhvq*w ydqlvk/ wkhq s
vdwlv�hv O_ iru doo _ 	 R� ��

Dv d gluhfw frqvhtxhqfh/ zh kdyh=

Ohppd 7 Ohw s eh �R/ R � 2/ zlwk s ER� slhfhzlvh ��1 Vxssrvh wkdw s : f h{fhsw
pd|eh rq d �qlwh vhw ri ydoxhv w&c & ' �c � � � c R/ zkhuh s E/� �/<w& �& m/ � w&m2_& c _&
lqwhjhu � f1 Wkhq s vdwlv�hv O_ iru _ 	 R� ��

Surri = Iurp wkh fruroodu| 5 dssolhg wr hdfk iuhtxhqf| w& yhuli|lqj _& � �/ wkhuh
h{lvwv d vwdwlrqdu| surfhvv �| vxfk dv/ li zh zulwh h_& ' _& iru w& *5 ifc Zj/ dqgh_& ' _& %2 iru w& 5 ifc Zj=
f| '

T
_&D�

E�� 2 ULt w&� n�2�
i_& �| zlwk s� : f dqg yhuli|lqj wkh dvvxpswlrqv ri

ohppd 61 Rqfh dssolhg wr �|/ wkh frqfoxvlrqv ri wkh ohppd duh suhvhuyhg diwhu

dssolfdwlrq ri wkh �qlwh prylqj dyhudjh sro|qrpldo
T

�$&$Rc_&D�
E�� 2 ULt w&� n�2�

i_&
�

Qrz/ zh h{sdqg wkh ixqfwlrq �fE5� durxqg �fEe3�w�� Lqghhg/ iru R : 2 dqg dq|
w/ wklv ohppd vd|v wkdw O_ lv vdwlv�hg iru vrph _ : � dqg=

�fE5�� �fEe
3�w� '

"[
�'f

[�

�
5� � e3�w�

�
' � ��� 5e�w

�
�fEwc 5�

zlwk �fEwc 5� '
S"

&'f e
�&w
�S"

�'&n�[�e
3��w
�
5&

�fEwc 5� lv frqwlqxrxv lq wkh xqlw glvn m5m � � vlqfh/ iurp ohppd 7 zlwk _ � �

"[
&'f

"[
�'&n�

m[�m '
"[
�'�

E� n �� m[�m 	4

Zh ghqrwh e| @ E&c w� wkh frh!flhqwv ri wkh h{sdqvlrq �fEwc 5� lq srzhu ri 5 G

@ E&c w� ' e�&w

# "[
�'&n�

[�e
3��w
$

+7,

Xqghu wkh k|srwkhvhv ri ohppd 7/ vxssrvh wkdw w ' w� zlwk _� � �1 Li w 9' Z/ wkh
ixqfwlrq �fE5� dgplwv wkh frqmxjdwh urrw e�w/ dqg=

�fE5� ' � �� � 5e�w
�
�fEwc 5� '

�
� � 5e�w

� �
�� 5e3�w

�
(Ewc 5�

Wkh frh!flhqwv ri ( Ewc 5� duh wkhq hdvlo| rewdlqhg=

( Ewc 5� '
S"

&'f e
3�&w

kS"
�'&n� @ E�c w� e

��w
l
5& '

S"
&'f K E&c w� 5

&/ ru=

K E&c w� '
�

t�? w
W4

%
e�E&n��w

n"[
�'&n2

[�e
3�w�

&
+8,
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(Ewc 5� lv frqwlqxrxv lq wkh xqlw glvn vlqfh mK E&c w�m � �
S"

�'&n2 m[�m1 Li zh vxssrvh
R : �/ wkhq wkh suhfhglqj dujxphqw |lhogv=

"[
&'�

& mK E&c w�m � �
"[
&'�

"[
�'&n2

& m[�m � t�? Ew�
"[
�'f

E�� 2�E�� ��

2
m[�m 	4

=dqg s� vdwlv�hv O_ zlwk _ ' �1
Zh froohfw wkhvh uhvxowv lq=

Ohppd 8 Xqghu wkh k|srwkhvhv ri ohppd +7, zlwk R : 2/ li w ' w� *5 ifc Zj dqg
_� � �/ f| fdq eh h{suhvvhg dv=

f| '
�
� � 2 ULt w n�2

�
�| zlwk �| ' ( Ewc�� 0|

Wkh Zrog ixqfwlrq ri �| lv jlyhq e| +8,> s� lv �R rq d�Zc Zo qiwj / dqg frqwlqxrxv dw
w1 Li R : �/ s� lv �� lq d qhljkerukrrg ri w�

Odvwo|/ zh uhpdun wkdw �fEwc 5� ' � ��� 5e3�w
�
(Ewc 5� iru doo 5 9' e3�wc dqg wkhq

iru 5 ' e�w e| frqwlqxlw|1
Khqfh/ �fEwc e

3�w� ' � �� � e3�2w
�
(Ewc e3�w� dqg=

j
���f

�
wc e3�w

��� ' 2 t�? w
s
2Zs�Ew� +9,

Zkhq w ' Z/ f| ' E� n���|/ s� Ew� '
j2

2Z

���f

�
wc e3�w

���2 dqg=
j m�f EZc���m '

s
2Zs�EZ� +:,

Wkhvh uhvxowv zloo eh xvhg odwhu1 Iurp qrz rq/ zh zloo zrun zlwk wkh k|srwkhvlv
O_ iru _ odujh hqrxjk1 Wkh suhfhglqj glvfxvvlrq vkrzhg wkdw lw lv/ lq d fhuwdlq vhqvh
htxlydohqw wr dvvxph wkdw s lv vprrwk hyhu|zkhuh1 Wklv yhu| vwurqj dvvxpswlrq
zloo shuplw xv wr hdvlo| ghulyh uhvxowv uhodwhg wr wkh wkh dv|pswrwlf surshuwlhv ri wkh
shulrgrjudp ri f| lq vrph qhljkerukrrg ri w1

6 D ixqfwlrqdo fhqwudo olplw wkhruhp

614 Fdvh 4= wkh lqqrydwlrq

Zh vxssrvh wkurxjkrxw wkh sdshu wkdw E0|�|M] lv d pduwlqjdoh gl�huhqfh vhtxhqfh
dgdswhg wr vrph �owudwlrq EI|�1 Wkh edvlf dvvxpswlrqv zklfk zh qhhg wr pdnh duh
dv iroorzv=

O0 G

HE02| m I|3�� ' j2
| / HE0

2
| � ' j2

j2
| ' j2 n

S"
&'� S&

�
02|3& � j2

�
/
S"

&'� mS&m 	4S"
&'� S&5

& 9' � li m5m � �
t�T
|
H E0e| � 	4

Wkhvh k|srwkhvhv doorz iru DUFK ru JDUFK g|qdplf iru 0|/ dqg duh qrz frpprq
iru wkh dqdo|vlv ri �qdqfldo wlph vhulhv/ vxfk dv lqwhuhvw udwhv ru lq dwlrq zklfk duh

:



w|slfdo dssolfdwlrqv zh kdyh lq plqg1 Vhr +4<<<, frqvlghu vlplodu k|srwkhvhv iru xqlw
urrw whvwv zlwk frqglwlrqdo khwhurvnhgdvwlflw|1 Qrwh krzhyhu wkdw zh gr qrw vxssrvh
wkdw wkh vhtxhqfh �| '

0|
j|

lv l1l1g1 Iru h{dpsoh/ frqvlghu wkh iroorzlqj JDUFK+4/4,
prgho=

j2| ' kf n k�0
2
|3� n q�j

2
|3�/ kf : fc k� � fc q� � f

Li k� n q� 	 �/ 0| lv vtxduh lqwhjudeoh/ dqg=

j2
| ' kf E� � q��

3� n k�

S"
&'� q

&3�
� 02|3&

j2 ' HE02| � ' kf E� � k� � q��
3�

Li pruhryhu �k2
� n 2k�q� n q2

� 	 �/ wkhq prphqwv xs wr rughu irxu ri 0| duh �qlwh
+Eroohuvohy +4<;9,, dqg HE0e| � ' �r|e1 Zlwk d vrphzkdw gl�huhqw frqwuro ri khwhur0
jhqhlw| ri 0| +��e j2

| � j2/ t�T
|
HE02nk| m I|3�� 	 4 iru vrph k : f,/ zh kdyh wkh

iroorzlqj uhvxow +vhh Fkdq dqg Zhl +4<;;,,=

Wkhruhp 9 Li w *5 ifc Zj dqg 7?E|c w� '
t

2
?

�Sd?|o
&'� ULtE&w�0&c

Sd?|o
&'� t�?E&w�0&

��
iru

| 5 dfc �o/ wkhq wkh iroorzlqj frqyhujhqfh krogv lq ( dfc �o/ wkh vsdfh ri uhdo fãgoãj
ixqfwlrqv gh�qhg rq dfc �o htxlsshg zlwk wkh Surnkrury phwulf=

7?E|c w�, jZ2E|�

Z2E|� lv d vwdqgdug 50glphqvlrqdo Eurzqldq prwlrq1

Zkhq w 5 ifc Zj c 7?E|c w� '
t

�
?

�Sd?|o
&'� ULtE&w�0&

�
, jZoE|�/ ZoE|� vwdqgdug uhdo

Eurzqldq prwlrq1

Lw lv lqwhuhvwlqj wr sxw wklv uhvxow lq frpsoh{ qrwdwlrq1 Zkhq w *5 ifc Zj=u
2

?

d?|o[
&'�

e3�&w0& , jZSE|� +;,

ZSE|� lv d vwdqgdug frpsoh{ Eurzqldq prwlrq= +iEZSE|�� dqg W4EZSE|�� duh wzr
lqghshqghqw vwdqgdug Eurzqldq prwlrqv1 Qrz/ zh h{whqg wklv uhvxow iru d vhtxhqfh
w? frqyhujlqj wr w1 Iru wkh vdnh ri vlpsolflw|/ zh zloo h{suhvv rxu uhvxow lq wkh vsdfh
� dfc �o= wklv lv wkh uhdvrq zk| dgglwlrqdo whupv dsshdu lq wkh vwdwlvwlfv lqwurgxfhg
ehorz> ri frxuvh/ doo wkhvh whupv ydqlvk dv|pswrwlfdoo|1

Uhpdun 5 Iru wzr iuhtxhqflhv w� dqg w2 5 ofc Zd c w� 9' w2/ zh kdyh wkh vwurqjhu
uhvxow= u

2

?

# Sd?|o
&'� e

3�&w�0&Sd?|o
&'� e

3�&w20&

$
, j

�
Z�

SE|�
Z2

SE|�

�
+<,

Wkh wzr Eurzqldq prwlrqv Z�
S duh Z

2
S lqghshqghqw1

Wkh pdlq wrro xvhg lq wkh sdshu lv=

;



Wkhruhp : Ohw w? 5 ofc Zd eh d vhtxhqfh frqyhujlqj wr w/ dqg vxfk dv ?Ew? � w�$
�4 li w ' Z/ ?w? $ n4 li w ' f1 Zh gh�qh

7?E|c w?� '

u
2

?

3C d?|o[
&'�

ULtE&w?�0&c

d?|o[
&'�

t�?E&w?�0&

4D�

Ohw A?E|c w?� ghqrwh wkh frqwlqxrxv ixqfwlrq gh�qhg rq dfc �o/ e| olqhdu lqwhusrod0
wlrq ri d7?E& %? c w?�o&'fc���c?1 Wkhq xqghu O0c A?E|c w?� ,

?<"
jZE|�cZE|� vwdqgdug

50glphqvlrqdo Eurzqldq prwlrq1

Surri = vhh wkh dsshqgl{��
Qrwh wkdw wklv uhvxow gr qrw vxssrvh wkdw w? frqyhujhv udslgo| wr wcdqg wkdw wkh

olplwlqj glvwulexwlrq lv wkh vdph dv lq wkh fdvh w? ' w iru doo ?1 Lq frpsoh{ qrwdwlrq/
wklv uhvxow wdnhv wkh irup= u

2

?

d?|o[
&'�

e3�&w?0& , jZSE|� +43,

Zh rplw wkh dv|pswrwlfdoo| qhjoljleoh whup
t

2
?

�
e3�&wd?|on�0d?|on�

�
E?|� d?|o�/ dv zh

zloo gr iru wkh suhvhqwdwlrq ri vlplodu uhvxowv lq wkh vhtxho1
Wkh fdvh w ' Z ehlqj txlwh vlplodu wr w ' f/ zh vxssrvh iurp qrz rq/ wkdw

w 5 ofc Zo1

615 Fdvh 5= fw

Ohw O ghqrwh wkh mrlqhg k|srwkhvhv dO0cO_c _ � �o1 Zh qrz lqwurgxfh wkh �qlwh
Irxulhu wudqvirup ri wkh revhuydwlrqv Ef|��$&$?=

Mf E/c |� '
�s
?

d?|o[
&'�

e3�&/f&/ iru | 5 dfc �o dqg / 5 dfc Zo

Zh rplw wkh ghshqgdqfh xsrq ? ri Mf E/c |� lq rughu wr vkruwhq wkh qrwdwlrqv1 Zh
dovr deeuhyldwh Mf E/� � Mf E/c �� dqg Lf E/c |� ' mMf E/c |�m2 zkhuh Lf E/� lv wkh
vwdqgdug shulrgrjudp/ Lf E/� ' mMf E/�m21
Iroorzlqj Skloolsv dqg Vror +4<<5,/ zh kdyh=
f| ' �fE��0| ' �f Ee3�/� 0| � E�� e�/���fE/c��0| wkxv=

Mf E/c |� ' �fEe
3�/�M0 E/c |�� �I

?

Sd?|o
&'� E� � e�/���fE/c��e

3�/&0|
' �f Ee3�/� M0 E/c |�� �I

?

�
e3�/d?|o�fE/c��0d?|o � �fE/c��0f

�
' �f Ee3�/� M0 E/c |� n-? E/c |�

zlwk -? E/c |� ' � �I
?

�
e3�/d?|o�fE/c��0d?|o � �fE/c��0f

�
Gh�qh 0 E/c |� ' �fE/c��0d?|o '

S"
�'�[�e

3��/
�S�3�

&'f e
�&/0d?|o3&

�
_es
'
S"

�'� ��c|c?

<



Vlqfh n��c|c?n22 ' � m[�m2 j2/ n0 E/c |�n22 � j
S"

�'�

s
� m[�m 	4/ zh rewdlq=

H
�m0 E/c |�m2� ' �

�
�
?

�
xqlirupo| lq / dqg |1 Wkh vhfrqg whup lq -? E/c |� yhul�hv wkh

vdph surshuw|/ wkhq= H
�m-? E/c |�m2

�
' �

�
�
?

�
xqlirupo| lq / dqg |1 Lw |lhogv wkdw=

H

����Lf Ew?c |�� 2Z

j2
L0 Ew?c |� s Ew?�

���� ' �

�
�s
?

�
xqlirupo| lq | +44,

Iru | ' �/ wklv lv wkh fodvvlfdo uhvxow zklfk fdq eh irxqg lq Sulhvwoh| +4<;;,1
Pruhryhu/ xqohvv E0|� lv d zklwh qrlvh/ wkh erxqg �

�
?3�%2

�
lv wkh ehvw srvvleoh lq

+44,1
Zh qrz dgrsw wkh qrwdwlrq w? ' w n e3� E?� zlwk meE?�m $ n4

Wkhruhp ; Xqghu O=
�� Li sEw� ' f dqg eE?� ' J

�
?�%2

�
wkhq/ iru hdfk |f 5 ofc �o G

eE?�Mf Ew?c |f�,
�j�

�
wc e3�w

�
s
2

ZSE|f� +45,

Li pruhryhu eE?� ' J
�
?�%e

�
wkhq

eE?�Mf Ew?c |�,
�j�

�
wc e3�w

�
s
2

ZSE|� lq � dfc �o +46,

��� Li s Ew� 9' f dqg eE?� ' J E?� iru w ' Z G

Mf Ew?c |�,
j�

�
e3�w

�
s
2

ZSE|� lq � dfc �o +47,

Surri =
Li s Ew� ' f/ wkhq ;% 5 dfc Zo c � Ee3�%� ' � ��� e�Ew3%�

�
�fEwc e3�%� wkxv=

�e E?� Mf Ew?c |� ' �
�
� � e�Ew3w?�

w � w?

�
�fEwc e

3�w?�M0 Ew?c |� n
-? Ew?c |�

w � w?

Vlqfh w? $ wc �3e
�Ew3w?�

w3w? $ �� dqg �fEwc e
3�w?� $ �fEwc e

3�w� e| frqwlqxlw|1 Odvwo|

H

����-?Ew? c|�
w3w?

���2� � �
?Ew3w?�2 / vr li w� w? ' J

�
�I
?

�
/ -?Ew? c|�

w3w?
�$ f xqlirupo| lq |/ dqg wkh

�uvw sduw ri vwdwhphqw �� lv suryhg1
Zh qrz zdqw wr rewdlq d vwurqjhu uhvxow1 Pruh suhflvho|/ zh fodlp wkdw=

t�T
|Mdfc�o

����-? Ew?c |�

w � w?

���� �$ f +48,

Vlqfh t? ' t�T
|Mdfc�o

���-?Ew?c|�w3w?

��� �4@ 
�$&$?

2I
?

����fEw? c��0&
w3w?

��� fodvvlfdo pdqlsxodwlrqv |lhogv=
� Et? : 20� � �

�S?
&'� m�fEw?c ��0&m : 0

I
?

�eE?��

�
� �

�S?
&'� m�fEw?c ��0&m2 L

k
m�fEw?c��0&m2 : 02?

e2E?�

l
: 02?

e2E?�

�
� � EM? : 02�

43



zlwk M? ' e2E?�
?

S?
&'� m�fEw?c��0&m2 L

k
m�fEw?c ��0&m2 : 02?

e2E?�

l
1

Lq ylhz ri wkh surri ri wkhruhp 5/ zh rqo| kdyh wr suryh wkdw HEM?�$ f�

H EM?� � e2E?�

?

?[
&'�

t
H
�m�fEw?c��0&me

�v
�

�
m�fEw?c ��0&m2 : 02?

e2E?�

�
n�fEw?c ��0&ne �S"

�'f m@ E�c w?�m n0&3�ne
� �

S"
�'f m@ E�c w?�m � �

S"
�'f

�S"
�'�n� m[�m

�
	4

Khqfh H EM?� � � e2E?�
?

S?
&'�

v��
02?
e2E?�

�32
H
�m�fEw?c ��0&me

��
dqg H EM?� � � eeE?�

02?
' J E�� vlqfh n�fEw?c ��0&ne lv erxqghg/ dqg +48, iroorzv1

Lw lv wkhq hdvlo| vhhq wkdw wkh frqwlqxrxv ixqfwlrq -W
?Ew?c |� rewdlqhg e| wkh olqhdu

lqwhusrodwlrq ri -?Ew?c
&
?
�&'fc���c? dovr vdwlv�hv t�T

|Mdfc�o

���-W

?Ew?c|�
w3w?

��� �$ f1

Vlqfh
s
2M0 Ew?c |� n

t
2
?

�
e3�&wd?|on�0d?|on�

�
E?|� d?|o�, jZSE|�/ zh �qdoo| rewdlq=

Mf Ew?c |�

w � w?
n @? E|�, ��j�

�
wc e3�w

�
s
2

ZSE|�

zkhuh @? E|� '
�I

?Ew3w?�
�
e3�&wd?|on�0d?|on�

�
E?|� d?|o� n -W

?Ew?c|�3-?Ew?c|�I
2Ew3w?�

dqg +46, lpphgldwho| iroorzv/ vlqfh t�T
|Mdfc�o

m@? E|�m ' JR E��1

Qrz vxssrvh wkdw s Ew� 9' f� Wkhq Mf Ew?c |� ' �
�
e3�w?

�
M0 Ew?c |�n-? Ew?c |� zlwk

t�T
|Mdfc�o

m-? Ew?c |�m �$ f� Wkxv/ zlwk wkh rqo| uhtxluhphqw wkdw eE?� ' J E?� zkhq w ' Zc

zh jhw +47,1
�

Uhpdun 6 Zkhq w? � w iru doo ?/ zh kdyh/ dv d vlpsoh dssolfdwlrq ri wkhruhp : >

Mf Ewc |�, j�
�
e3�w

�
s
2

ZSE|� li w 9' Zc j�
�
e3�w

�
ZoE|� li w ' Z +49,

Lq wkh uhvxowv +46,/ +47, dqg +49,/ lw zloo eh frqyhqlhqw wr vd| wkdw ZS lv wkh
Eurzqldq prwlrq dvvrfldwhg wr f|

Iurp wkhvh uhvxowv/ zh fdq qrz ghgxfh rxu vwdwlvwlfv ri lqwhuhvw1 Wzr dssolfdwlrqv
ri wkh frqwlqxrxv pdsslqj wkhruhp |lhog/ zkhq sEw� ' f=

� Li eE?� ' J
�
?�%e

�
=

t�T
|Mdfc�o

eE?�Mf Ew?c |�, j
���f

�
wc e3�w

����s2� t�T
|Mdfc�o

mZSE|�m

e2E?� t�T
|Mdfc�o

Lf Ew?c |�, j2
���f

�
wc e3�w

���212� t�T
|Mdfc�o

mZSE|�m2 +4:,

Qrwh wkdw mZSE|�m lv d Ehvvho surfhvv ri rughu 51
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� Li eE?� ' J
�
?�%2

�
G

meE?�m Mf Ew?c��, �j�
�
wc e3�w

�
ZSE��/ dqg=

e2E?�Lf Ew?�, j2
���f

�
wc e3�w

���2 �2 E2�
�
2 +4;,

7 Whvw ri wkh k|srwkhvlv= s Ew� ' f
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714 Gh�qlwlrq ri wkh whvw vwdwlvwlfv
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7| Efc w� lqfoxghv vrph ghwhuplqlvwlf frpsrqhqwv
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715 Frqyhujhqfh ri wkh whvw

Lq wklv sduw zh vwxg| wkh ehkdylru ri erwk vwdwlvwlfv 1R? dqg 1r? xqghu wzr glvwlqfw
dowhuqdwlyh vfkhphv=

O@ G sEw� 9' f +55,

O
�

@ G sEw� ' fc s�Ew� ' f

w lv d urrw ri rughu wzr ri s xqghu Of/ dqg ri rughu irxu xqghu O
�

@�

6lq wkh suhflvh vhqvh ri wkh Zrog ghfrpsrvlwlrq1

46



71514 Wkh shulrgrjudp xqghu O@
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Xqghu k|srwkhvlv ��� zlwk M ' � %2 / wkh vwdwlvwlf glyhujhv dw udwh � %? / zklfk
lv/ dv h{shfwhg/ yhu| vorz frpsduhg wr wkh vwdwlvwlf 1R? zlwk e E?� ' ?�%e �1 Lqghhg/

wkhruhp 45/ sduw ll, vkrzv wkdw 1R? ' �R

�
eE?�
?

�2
' �R

�
�

?
I
?

�
�

Surri = Zh jlyh ghwdlov iru wkh fdvh w 9' Z rqo|1 Iluvw/ MWf Ew?� ' �R E��1 Lqghhg/
Mf Ew?� dqg Mf Ew� duh �R E��/ wkxv=

MWf Ew?� ' �R E��� �s
?

�
e�?Ew3w?� � �

�� �g�fc? � e3�w�̂3�c?
�

Qh{w/ g�fc? dqg �̂3�c? glyhujh/ vlqfh/ li t| lv d qrq0vwdwlrqdu| surfhvv vxfk dv=
E� � 2 ULt w� n�2�t| ' f|/ zh kdyh zlwk wkh qrwdwlrqv xvhg lq ohppd <=

@? '
s
?

#
� � m{? E2w�m2

?2

$3�

�
#
at Ew�

?
� {? E�2w�

?

Mt Ew�

?

$
dqg iurp ohppd 43=

@?s
?
, Ow � � �je�w

2
s
2 t�? w

�
�
e3�w

� ] �

f

ZSE|�_| +5:,

Qh{w= g�fc? ' �2+i @? dqg �̂3�c? ' �2 ULt w+i @? � 2 t�? w W4 @?/ vr=

g�fc? � e3�w�̂3�c?s
?

,�2� t�? we3�wOw

Wkhuhiruh MWf Ew?� ' �R E��1 Wkh frqfoxvlrq iroorzv iurp wkhruhp 45/ sduw ��� zklfk
lv lqvhqvlwlyh wr wkh fkrlfh ri wkh vhtxhqfh e E?�1
�

717 Wkh fdvh e E?� ' ?

Zh dgrsw lq wklv sduw d vrphzkdw gl�huhqw dssurdfk1 Lqghhg/ zh h{dplqh wkh ehkdy0
lru ri wkh shulrgrjudp zkhq w? ' w n |*e E?� lv frqvlghuhg dv d ixqfwlrq ri |/ zklfk
zloo eh vxssrvhg wr olh lq d�2Zc 2Zo +lw frxog eh srvvleoh wr vxssrvh | 5 d�c �o zlwkrxw
prgli|lqj wkh uhvxowv,1 Zh dvvxph qrz wkdw w? frqyhujhv pruh txlfno| wr w wkdq lq
wkh suhylrxv vhfwlrqv/ wkdw lv ? ' � de E?�o1

Wkhruhp 49 Gh�qh wkh iroorzlqj hohphqw ri � d�2Zc2Zo= C? Ewc |� '
s
2M0

�
w n |

eE?�

�
1

Xqghu M0/ M
�

0=
�� C? Ewc ��, jOS Ewc �� lq odz lq � d�2Zc 2Zo c wkh odz ri OS Ewc �� grhvq*w ghshqg rq w�
��� Li ? ' J de E?�o dqg li w 9' f dqg Z wkhq OS Ewc �� 'ZS E��
���� Li e E?� ' ? dqg w 5 ofc Zd/ OS Ewc |� lv d frpsoh{ jdxvvldq vwdwlrqdu| surfhvv zlwk

fryduldqfh ixqfwlrq o E�� ' 2 t�?E��
�

� e� t�?
2E�%2�
�

1 Zkhq w ' f ru Z/ OS lv vwdwlrqdu|/
zkhuhdv +iOS dqg W4OS duh jdxvvldq dqg qrw vwdwlrqdu|1
��� Li hw lv dqrwkhu iuhtxhqf| vxfk dv hw 9' 	w prg1 Z=k
C? Ewc �� c C?

�hwc ��l� , k
OS Ewc �� cOS

�hwc ��l�/ dqg OS �hwc �� lv lqghshqghqw ri OS Ewc ��

4;



Surri = vhh wkh dsshqgl{ ��
Iurp wkh frqwlqxrxv pdsslqj wkhruhp/ li e E?� frqyhujhv yhu| txlfno| wr lq�qlw|/

t�T
|Md32Zc2Zo

���M0 �w n |
eE?�

�
� M0c? Ew�

��� , f = wklv vlwxdwlrq lv qrw lqwhuhvwlqj iru rxu sxu0

srvh/ ehfdxvh wkhuh lv fohduo| qrwklqj wr eh jdlqhg e| frqvlghulqj vxfk iuhtxhqflhv
w?� Wkh qrq0wulyldo fdvh lv e E?� ' ?/ dqg iurp qrz rq/ zh pdlqwdlq wklv dvvxpswlrq1

Zh dovr dvvxph wkdw s lv �D�
Qrz vxssrvh wkdw w *5 ifc Zj dqg sf Ew� ' f1 Rqfh pruh/ zh h{sorlw wkh uhvlgxdo

whup=

-? E/� ' � �s
?

�
e3�?/t? E/�� tf E/�

�
zlwkt? E/� ' �fE/c��0?

Iurp ohppd +46,/ t? Ew?c|�� t? Ew� ' �R

�
�
?

�
1 Qrz/ li w 9' Z zh gh�qh=

@? E|� ' t? Ew?c|��t? Ew�/ h@? E|� ' tf Ew?c|��tf Ew� dqg wkh uhdo surfhvv �? ' (Ewc��0?
vxfk dv=

f| '
�
�� 2 ULt w� n�2

�
�|

s
?e�?w?c|-? Ew?c|� '�@? E|� n e�?w?c|@? Ef�� ~} �

K?E|�

n
�
�� e3�w�

� �
�? � �fe

�?w?c|
�

t�T mK? E|�m ' �R

�
�
?

�
dqg iru w? � w/

s
?e�?w-? Ew� '

�
�� e3�w�

� �
�? � �fe�?w

�
�

Exw xqghu Of/ -? Ew� ' Mf Ew�/ wkxv=

s
?-? Ew?c|��

s
?e�?Ew3w?�Mf Ew� ' e3�?wK? E|� n

�
�� e3�w�

�
�f
�
e�?Ew3w?� � �

�
Zlwk w?c| ' w n |

?
=

s
?-? Ew?c|��

s
?e3�|Mf Ew� ' e3�?wK? E|� n

�
e3�| � �

�� ��f � e3�w�3�
�

dqg K? E|� ' �@? E|� n e�?we�|@? Ef�
Hvwlpdwruv ri �f dqg �3�/ g�fc? dqg �̂3�c? suhylrxvo| glvfxvvhg vdwlvi|=

g�fc? ' �f n�R

�
�s
?

�
c �̂3�c? ' �3� n�R

�
�s
?

�
Ohw wkh �fruuhfwhg� Irxulhu wudqvirup eh=

MWf Ew?c|� ' Mf Ew?c|�� e3�|Mf Ew�� �s
?

�
e3�| � �

�� �g�fc? � e3�w�̂3�c?
�

+5;,

MWf Ew?cf� ' f dqg=
?MWf Ew?c|� ' ?�f

�
e3�w?c|

�
M0 Ew?c|� n

s
?e3�?wK? E|�

n de3�| � �o� s
?
�g�fc? � �f � e3�w

�
�̂3�c? � �3�

��� ~} �
�?

Zh nqrz wkdw=

s
? E@? � @� '

�
�� �{?Ew��2

?2

�3�
�
�
M� Ew�� {?E3w�

?
M� Ew�

�
' M� Ew� n�R

�
�
?

�
4<



dqg g�fc? ' �2+i @? dqg �̂3�c? ' �2 ULt w+i @? � 2 t�? w W4 @?/ Wkxv=

s
?
�g�fc? � �f � e3�w

�
�̂3�c? � �3�

��
' �2� t�? we3�wM� Ew� n�R

�
�

?

�
zlwk M� Ew� ' (

�
wc e3�w

�
M0 Ew?�n�R

�
�I
?

�
dqg(

�
wc e3�w

�
' � ��� e32�w

�3�
�f

�
wc e3�w

�
Odvwo|/ ?�f

�
e3�w?c|

�
' ?

�
e3�|*? � �

�
�f

�
wc e3�w?c|

�
frqyhujh wr ��|�f

�
wc e3�w

�
xqlirupo| lq |�

Iurp wkh frqwlqxrxv pdsslqj wkhruhp dqg wkhruhp +49, zh jhw=

?MWf Ew?c|�, js
2
�f

�
wc e3�w

�
Y E|� +5<,

zlwk Y jdxvvldq frpsoh{ surfhvv gh�qhg e|=

Y E|� ' ��|OS Ewc |� n
�
�� e3�|

�
OS Ewc f� +63,

Li o E�� lv wkh fryduldqfh ixqfwlrq ri OS E|�/ zh qrwh wkdw=

H mY E|�m2 ' 2+i i�| d� � e3�|o o E|�jn
q
m�� e3�|m2 n |2

r
o Ef�

dqg wkhq=

H mY E|�m2 ' e E�� ULt |� E�� 2 ULt |� n 2|2

Zh uhpdun wkdw=

?MWf Ew?c|���j�f

�
wc e3�w

�
M0 Ew?c|��

�
e3�| � �

�
�? ' �R

�
�

?

�
n�R

�
�s
?

�
' �R

�
�s
?

�
Wkh rughu ri wkh �uhvlgxdo� whup lv wkhq � %

s
? 1

Qrz vxssrvh wkdw sf Ew� : f +dqg w *5 ifc Zj,1
MWf Ew?c|� ' �f

�
e3�w?c|

�
M0 Ew?c|�� � %? � e3�|�f

�
e3�w

�
M0 Ew�

n� %
s
? � e3�?wK? E|� n de3�| � �o� � %

s
? � �g�fc? � �f � e3�w

�
�̂3�c? � �3�

��
t�T
f$|$�

mMWf Ew?c|�m � t�T
f$|$�

���f

�
e3�w?c|

�
M0 Ew?c|�

��n � mM0 Ew�m

n�R

�
�

?
I
?

�
n 2I

?

��g�fc? � �f � e3�w
�
�̂3�c? � �3�

���
+5:, dqg wkhruhp +49, lpso| wkdw t�T

f$|$�
MWf Ew?c|� ' �R E��1

Iurp wkh suhfhglqj ghyhorsphqwv/ lw lv qdwxudo wr lqwurgxfh wkh iroorzlqj vwrfkdv0
wlf ixqfwlrq= h1R? E|� ' ?2

��MWf �w n |
?

���2
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Surri = vhh wkh dsshqgl{1�
Dv d frqfoxvlrq/ rqfh wkh surfhvv kdv ehhq surshuo| �owhuhg/ wkh vhdvrqdo lqwhufhsw
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2ZE26n��

LWE?� ' �
2ZE26n��

Lt Ew n
2Z
?
� zlwk wkh qrwdwlrqv xvhg

suhylrxvo|1 Zh nqrz wkdw
Lt Ewn

2Z
?
�

?2
frqyhujh wr d qrq ghjhqhudwh odz O"/ vd|1 Ohw*v

�{ @ : f1 �
�
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